The patterned arrays of submicron magnetic elements have unique magnetic properties, which are distinct from those of the corresponding bulk materials ͑for the recent review, see Ref. 1 and references therein͒. These nanostructures are currently attracting increasing interest due to their possible applications in magnetic random access memories 2 and as advanced replacements for hard disk media. 3 The memory ͑storage͒ density which is one of the most important characteristics of these devices ͑media͒ is dependent upon the size and the distance between the bits. The latter quantity is limited by the magnetostatic coupling between the elements. In bulk magnetic materials the magnetostatic coupling is normally small as compared to the exchange interaction. In the array of magnetic elements the exchange interaction between the different elements is absent and therefore the magnetic properties of the array are governed by the magnetostatic coupling. As has been shown both experimentally and theoretically, in patterned magnetic nanostructures the magnetostatic inter-element coupling can play an essential role and strongly affect their magnetic properties. [4] [5] [6] [7] An accurate theoretical treatment of the magnetostatic interactions is based on solving the Landau-Lifshitz-Gilbert torque equation which can be performed using micromagnetic modeling. 8 Since the magnetic dipolar fields are long ranged and the magnetization is in general inhomogeneous within the element, for an array of magnetic elements this has to involve massive numerical computations. An alternative approach is to assume that the magnetic elements are uniformly magnetized. This approximation allows deriving analytic expressions for the demagnetizing fields and making quantitative conclusions about the influence of the magnetostatic coupling on magnetic properties of nanostructures. Such an approach has been used to analyze minimum-energy magnetic configurations 9 and to characterize the influence of the magnetostatic coupling on the saturation field. 7 Reducing the size of the elements down to 0.1 m scale and less makes the magnetic elements single domain, 1 which results in a better justification for this approach. In this letter we derive exact analytic expressions for the magnetostatic field and energy in a periodic array of uniformly magnetized rectangular magnetic elements and investigate the influence of the aspect ratio and the spacing between the elements on the magnetostatic inter-element coupling.
We consider rectangular magnetic elements which are placed in a periodic rectangular lattice, as is shown in Fig. 1 . The Cartesian coordinates are set in such a way that the x and y axes lie along the rectangle sides and the z axis lies along the surface normal, as is shown in Fig. 1 . The origin of the system is placed in the corner of an element, so that the element occupies the volume 0ϽxϽl, 0ϽyϽd, and 0Ͻz Ͻh, where h is the thickness of the element. The magnetization Mϭ(0,M ,0) is assumed to be homogeneous across the array and oriented along the y direction. The scalar potential which is produced by an infinitely thin layer dzЈ of the array, lying within the xy plane at height zЈ, can be found using the following expression: 
͑2͒
By taking into account that
Eq. ͑2͒ can be rewritten as follows:
Substituting Eq. ͑4͒ in Eq. ͑1͒ and integrating over k x and k y we obtain The magneto-dipolar field can be found by differentiating this expression in accordance with HϭϪٌ⌽. In particular, the y component of the magnetic field, which lies along the magnetization, is
͑7͒
The magnetostatic energy per unit volume of an element is determined by
Evaluating this integral we arrive at
We note that the magnetostatic energy determines an effective demagnetizing field H eff , which can be found from EϭϪH eff M. This effective field is correlated with the saturation magnetization of the array of single-domain magnetic elements and can therefore be used for the analysis of the hysteresis curves in magnetic nanostructures. Figure 2 shows the profile of the calculated magnetodipolar field along the magnetization direction at xϭl/2 for the array of square elements ͑i.e., lϭd͒. The dipolar field was averaged over the thickness of the element h, which was set equal to hϭ0.05d, and was calculated for various distances between the elements ␦, which were assumed to be the same in both lateral directions ͑i.e., Dϭdϩ␦ and Lϭl ϩ␦͒. As is obvious from Fig. 2 , the magnetostatic field is very inhomogeneous. It is strongly enhanced in the vicinity of the edges of the elements, reflecting the presence of magnetic poles. This large value of the demagnetizing field facilitates creating the edge domains in the multi-domain elements ͑e.g., Ref. 7͒. As is seen from Fig. 2 , with increasing the separation between the elements the dipolar field increases. This reflects the fact that the magnetic poles of the opposite sign, which belong to the neighboring elements, become more separated, reducing the diminishing effect on the resulting dipolar field. Figure 3 shows the calculated magnetostatic energy for the array of the elements with different aspect ratios d/l as a function of the distance between the elements ␦. As is evident from the figure, the magnetostatic energy increases with increasing the separation between the elements. The limit of ␦ϭ0 corresponds to a nonstructured thin film and in this case the magnetostatic energy equals zero. In the opposite limit of large separations the elements can be considered as noninteracting and the magnetostatic energy is determined by the shape of the individual element. In this limit our results are in good agreement with the predictions of Ref. 11, in which the magneto-dipolar fields of rectangular prisms were calculated. The distance between the elements, at which the magnetostatic energy saturates, corresponds to the vanishing inter-element coupling. With decreasing the separation ␦ the magnetostatic energy decreases, reflecting the presence of the magnetostatic coupling between the elements. This decrease in the energy originates from the partial compensation of the demagnetizing fields from the neighboring elements.
As can be seen from Fig. 3 , for various aspect ratios d/l of the elements the magnetostatic energy saturates at different separations. For the square-shape elements ͑the aspect ratio d/lϭ1͒ at large separations ␦ the magnetostatic coupling is greater than that for the elements with the higher aspect ratio ͑see Fig. 3͒ . In this case even at ␦/dϭ1 the magnetostatic energy Eϭ0.28(4M 2 ) is still less than the saturation energy E sat ϭ0.30(4M 2 ), reflecting the presence of the inter-element coupling. With increasing the aspect ratio the effect of the inter-element coupling becomes less pronounced at large ␦. For example, as can be seen from Fig. 3 , for ␦/dϭ0.3 the magnetostatic energy is saturated for the elements with the aspect ratio d/lϭ10, whereas it is less than E sat by 20% for the elements with the aspect ratio d/lϭ1. Note that for d/lϽ1 the magnetization is aligned along the short side of the element and the magnetostatic interaction becomes stronger.
The separation ␦ sat at which the magnetostatic energy saturates can serve as a measure of the critical distance, above which the magnetostatic coupling can be neglected.
The term ␦ sat can be defined as a distance at which E ϭ0.9E sat and can then be determined from the energy curves displayed in Fig. 3 . The result is shown in Fig. 4 . As is evident from the figure, ␦ sat increases almost in a linear fashion as a function of the inverse aspect ratio l/d. This implies that for the greater aspect ratios the smaller separations between the rectangular elements are possible, at which the magnetostatic coupling can be neglected. Increasing the aspect ratio of the elements may therefore help to reduce the effect of the magnetostatic coupling in high-density patterned nanostructures. 
